Signature of interaction in dc transport of ac gated Quantum Spin Hall edge states 
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In the presence of a scattering potential, electron transport in a quantum wire is known to be 
dramatically modified by backward scattering and unaffected by forward scattering processes. We 
show that the scenario is quite different in Quantum Spin Hall effect edge states coupled at a 
constriction. The helical nature of these states leads to the appearance of a forward scattering spin 
channel that is absent in other Luttinger liquid realizations. Suitably applied ac gate voltages can 
thus operate on the spin of electrons tunneling across the constriction, and induce in the dc tunneling 
current a cusp pattern that represents the signature of the edge state electronic interaction. 
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The nanotechnological advances of last two decades 
have allowed to achieve various solid state realizations of 
one-dimensional (ID) electronic systems, such as semi- 
conductor wires [T], carbon nanotubes [5], and Quantum 
Hall edge states [3], where electron-electron correlations 
lead to a Luttinger liquid (LL) behavior One of the 
most striking features that distinguishes a LL from a non- 
interacting system is its unconventional electron trans- 
port. This can already be seen from the simple case of the 
current flowing through an interacting wire in the pres- 
ence of one single localized impurity, modeled as a delta- 
like scattering potential Ai5(a;). Indeed, a well known 
result of LL theory is that, no matter how weak the 
scatterer strength A is, the current-voltage characteristics 
exhibits a zero-bias anomaly with an interaction depen- 
dent power-law at low voltage bias [51 E] . Such peculiar 
behavior originates from the interplay between electron- 
electron interaction and single-particle backward scatter- 
ing (BS) processes occurring at the impurity. In general, 
besides BS, an impurity also gives rise to forward scat- 
tering (FS) processes, which are known to have no effect 
on the current of a quantum wire, though (see Ref. [7]). 
Thus, while BS has been widely discussed [1H3, impurity 
FS terms are often omitted in models of quantum wires, 
with the underlying understanding that such terms never 
affect transport. 

In this paper we show that the situation can be quite 
different in the recently discovered edge states of Quan- 
tum Spin Hall effect (QSHE) systems [8]. These ID elec- 
tronic states, flowing at the edges of HgTe/CdTe quan- 
tum wells, are characterized by a tight connection be- 
tween the direction of motion and spin orientation, and 
represent a new type of LLs, called helical Luttinger liq- 
uids |,9.j. Here we shall show that in such systems a dif- 
ferent type of FS emerges, which is absent in other ID 
realizations, and which strongly affects transport via the 
spin channel. In particular we shall demonstrate that 
such effect can lead to a cusp pattern in the current- 
voltage characteristics that represents the signature of 
electron-electron interaction in the QSHE edge states. 

In order to illustrate this phenomenon, we first 




FIG. 1. (color on-line) Helical edge states flow in a QSHE bar 
(circled arrows denote spin orientation). Two ac gate voltages 
Vg,T and Vg^B applied with opposite phase across a QPC affect 
the spin of the tunneling electrons and, in the presence of 
electron-electron interaction, modify the dc current. 



briefly recall the usual case of a quantum wire. We 
denote by "H = "Ho + "Hf^p + H^^fp the Hamiltonian 
of a quantum wire with an impurity, where "Ho is the 
LL Hamiltonian of the clean interacting wire, Hf^p = 

^ E.(*V*La + *L*i?a) U=o describes the impurity 
BS term, and Hf„fp = A E.(*J^.*«. + ^I.^lJ U=o 
the impurity FS term. Here '^ra {r = R/L = ±) 
denotes the right (left) moving component of the electron 
field operator with the spin orientation a —'[, A 
handwaving argument to see that impurity FS has 
no effect on transport is to observe that, since Hfj^p 
couples to the sum of right and left movers, it cannot 
affect their difference, i.e. the current. At a more 
formal level one expresses the electron fields ^'^o- 
using the Bosonization identity |3], i.e. 'i/ra{x) = 
{2Tra)-^/^Kra exp [ir^f ($c + cr$s + ^(9^ -I- cre^))(a;)], 
where a denotes the underlying lattice spacing and 
Kra the Klein factors ensuring the anticommutation of 
different species. The bosonic fields ^c{s){x) describe 
the charge and spin degrees of freedom, respectively, 
and Oc(s){^) their dual fields, fulfilling the commu- 
tation relations [^^{x),Q„'{y)] = i Si^^i,' sgn{x — y)/2, 
with v = c, s. Introducing now non-local fields 
^,±(.t) = ($,(x) + e,(a.) ± {^,i-x) - e,i~x)))/2, it is 
possible to show [7| that the impurity terms depend on 
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in the fohowing way 

(1) 

^imp ^impi^c—^ : (2) 

whereas the term Hq sphts into a sum Hq — 
Y,„=c.,sJ2a=±'^0uai^,^a) of independent terms 
{[(^+{x),^i,'-{y)] = 0). Since the term HfJ^^ is 
hnear in ^c-, and the term "Hoc- is quadratic in ^c-, 
the former term can be gauged away simply by a 
unitary transformation [7]. Importantly, in doing that, 
a crucial point is that T-lf„fp and "H^fp depend on 
different fields, as shown in Eqs.([T])-([2]), so that in a 
quantum wire FS and BS terms are independent. Notice 
that such argument also holds for a time-dependent 
impurity, so that previous studies analyzing such situ- 
ation have focussed on time-dependent BS terms [TUHT^ . 

Let us now discuss the case of the edge states of a 
QSHE system. The helical properties imply that, at 
each boundary of a HgTe/CdTe quantum well, a Kramers 
pair of counter-propagating states appears, so that at 
the -say- top boundary right- (left-) moving electrons are 
characterized by spin-'f (spin- J,) only. The opposite oc- 
curs at the bottom boundary, as shown in Fig|l] and 
each boundary carries both charge and spin. Including 
both intra- and intcr-edge electron-electron interaction, 
the system of the two boundaries can be described by a 
LL Hamiltonian [5] 
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where Vc ^ Vs ~ v and Kc = = K are interac- 

tion dependent parameters, with vK^^ = vpi^ + (2C/i ± 
U2)/2Trhvp). Here vp denotes the Fermi velocity, and 
Ui and U2 the intra- and inter-edge interaction. The 
sample is assumed infinitely long in the longitudinal di- 
rection X. The peculiarity of helical nature is encoded 
in the fact that, differently from quantum wires where 
the spin channel is essentially non interacting [Kg — 1) 
due to SU(2) symmetry, in the QSHE edge states the 
spin channel is characterized by an effective attractive 
interaction Kg > 1 [HI US] ■ 

Scattering from impurities along one boundary is pre- 
vented from topological protection. Nevertheless, by 
etching the quantum well over a short region to form a 
Quantum Point Contact (QPC), the two boundaries are 
brought close to each other [see Fig{l], inducing inter- 
boundary tunneling [SI [T31 [H] . Due to the helical nature 
of the edges, an electron flowing along a given direction 
can only tunnel to the other boundary by reversing its 
group velocity |15j . Tunneling thus plays the same role 
as the BS in a quantum wire, and is described by a term 
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where 7 is the dimensionless tunneling amplitude. In- 
deed Eq.Q has the same form as ([I]), and we shall uti- 
lize the expression 'backward scattering' ('BS') to em- 
phasize such analogy. Furthermore, with the voltages 
Vg^T and Vg^B of two gates located at the two sides of 
the constriction, and coupled to the edge states over a 
lengthscale Ig [see Figjl], one generates local FS poten- 
tial terms, namely Vg.ripB^t + Pli) for the top boundary, 
and Vg^BiPRi + PLt) fo'' the bottom boundary, where 
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Despite these similarities, important differences 
emerge with respect to the case of a quantum wire. 
Indeed, due to the space separation between the edge 
states, the two gates voltages couple differently to the 
edges, so that here two independently tunable FS terms 
appear. This difference can be highlighted by making 
the (unnecessary for the final result) assumption that 
the electron fields are not significantly varying along Ig. 
Then, utilizing the non-local charge and spin fields fi/±, 
one obtains 



where T4,c/s = {Vg,T^Vg,B)/2. The first term of the r.h.s. 
of Eq.pJ), controlled by Vg^c, is the usual charge density 
coupling also present in the term (|2| of an impurity in 
a quantum wire. As observed above, it has no effect on 
dc transport. However, Eq.([5| exhibits an additional FS 
channel, which represents a coupling to the spin current 
and is controlled by spin gate Vg^s- Notably, such field 
S,s+ appears also in the 'BS' term Q, so that for the 
spin channel FS and BS processes are not independent, 
and the former cannot be simply gauged away. Thus, 
although the FS term alone cannot induce a dc current 
directly, in QSHE edge states it can in principle operate 
indirectly, by affecting the BS term. Indeed, generalizing 
now ([5]) to arbitrary space and time-dependent profile 
Vg^s — K),s(a;,t) around the constriction, one can show 
that the additional spin FS term leads to a shift — >■ 
+ £,s+ iri the exponent of tunneling term nh, where 
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This represents a Ig^^-dependent renormalization of 
the phase of the tunneling amplitude 7. Since only 
phase differences at the tunneling point matter, the spin 
FS term can affect dc transport in the presence of a 
time-dependent spin gate voltage Vg^six',t). 

Thus, the above outlined difference between the two 
terms of Eq.Q also finds, mutatis mutandis, an inter- 
pretation in the context of photon-assisted tunneling [16j , 
where one studies the effect of an ac gate voltage on the 
dc current. For an energy independent scatterer (as a 
single impurity or tunneling term is) an ac gate voltage 
is known to yield no dc effect [T7]. This holds for the 
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conventional coupling to the charge degree of freedom. 
However, an electron tunneling across the QPC trans- 
fers not only charge but also spin. Helical QSHE edge 
states offer the possibility to 'photon-assist' tunneling via 
the spin-channel, through the second term on the r.h.s. 
of Eq.([5]). It is worth noticing, at this point, that also 
in QHE systems the edge states are space separated [3] 
and, when a gate voltage difference V^_t — Vg^B is ap- 
plied across a QPC in a Hall bar, an additional FS term 
arises w.r.t. quantum wires. However, since QHE the 
edge states are chiral, such FS term is the charge cur- 
rent. It thus breaks time-reversal symmetry (TRS) and 
still involves the usual degree of freedom, the charge, 
which exhibits repulsive interaction {Kc ^1)- In con- 
trast, since in QSHE the edge states are helical, the ad- 
ditional coupling preserves TRS and involves the spin 
channel, which is characterized by an attractive interac- 
tion Ks = K^^ > 1. In this respect, the QSHE edge 
states exhibit an unconventional effect that cannot be 
addressed in other systems. 
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FIG. 2. (color on-line) The tunneling current across the QPC 
as a function of the dc bias voltage frequency, normalized to 
the value Gtun ~ Gtun ju=o- The cusps at integer values of 
the spin gate frequency lj are a signature of electron-electron 
interaction (here K = 0.7). Different curves refer to different 
values of the spin gate parameter: z = 1 (black thick line), z = 
3 (red thin line), and z — 4 (blue dashed line). Inset: For non- 
interacting electrons, the two non equilibrium distributions of 
the electrons incoming to the QPC. 

Let us now specify the conditions for this effect to oc- 
cur. We shall henceforth consider a purely spin gate volt- 
age configuration, i.e. Vg^T — —Vg,B = Vg,s, and assume 
for definiteness eVg^s{x, t) = Ws{x)Ag{t), where Ws{x) = 
eVgg for |x| < lg/2 and otherwise, and As{t) = sin(a;i). 
In terms of the setup in Figjl] such spin gate voltage 
corresponds to Vg^T and V^,_b oscillating with amplitude 
Vgg, frequency u! and opposite phase. In this case one has 
^o^(i) = -(27r)-i/24eV^g0^sin(cj/g/4w)sin(wt)/;ia;. We 
now analyze how such ac gate voltage affects the dc cur- 
rent that flows through the four terminal setup when 
electrochemical potentials /i^y^ (Mt/s) applied to 



the Top and Bottom source (drain) metallic electrodes, 
i.e. on the left (right) hand side of the sample. For 
simplicity, we focus here on the situation where the elec- 
trochemical potential of the electrodes are set in charge- 
bias configuration, i.e. fu,^ = iJ,^ = — /i-f? = —^J■B = eV/2. 
The current operator in a Top/Bottom electrode con- 
sists of a charge current and a spin density contribution, 
iy/s = /('=)±/(''), given by /('^^ = evK{2Tr)~^/^d^ec and 
— evK{2TT)^^/^dx^s, respectively. The average cur- 
rent It/b = (It/b) can be evaluated with the Keldysh 
technique |18] . To leading order in the tunneling ampli- 
tude 7, the contribution /(^^(a;, t) = {I^'^\x, t)) at a point 
X and time t reads 



dtidt2 (Joc{x, 0; tx - ti) 
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where <7o,{x,y;t) = i2Keyh) 0{t)J2p=± Sit + p\x - 
y\/v) represents the charge conductivity, C^+(<) 
(e.+ (0,i)e.+ (0,0)) - (^2^(0,0)) = -K.Hita + 
it)^/i^]/47r is the unperturbed correlation function of 
the charge and spin fields at the tunneling point, and 
ta ~ a/vp is a small cut-off timescale. The last line of 
Eq. I?]) encodes the phase differences arising from the spin 
FS. After obtaining a similar expression for 1^2 i one can 
evaluate the currents, which consist of a dc and an ac 
components, lT/B{x,t) = Idc + It/ B,ac{x,t), where Idc is 
independent of x and t. In particular, Idc can be written 
as Idc = -^0 + -^72, where /q = e^V/h is the current in 
the absence of the QPC, and the represents the dc 
current tunneling across the constriction, which depends 
on the dc bias voltage V and includes the effect of the 
ac gate voltage. Computing the tunneling conductance 
Gtun = dl-y2 /dV we obtain 
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where K* = {Kc + Kg)/ 2 is the effective interaction 
strength, J„ is the Bessel function, ojsd = eV/h the 
frequency related to the dc bias voltage, and z = 
4eV^ sin(^)//ia; a spin gate amplitude parameter. 
Eq.pl) describes how the FS processes arising from the 
ac spin gate voltage affect the tunneling conductance. 
Formally, it is reminiscent of expressions obtained in the 
context of photon-assisted tunneling |17) . Here, however, 
it is the spin degree of freedom of the tunneling elec- 
tron to be affected. Notice that Eq.([8| is intrinsically 
gauge invariant, for it only depends on energy differences 
(z cx Vg^T — The behavior of Gtun, shown in Figj2j 
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consists of a pattern of cusps, located at values of ujsd in- 
teger multiples of the ac spin gate frequency. The weight 
J|^l (z) of each cusp is a non-monotonous function of the 
spin gate amplitude V^^, and the cusp exponent is in- 
teraction dependent. We observe that, because the spin 
channel is attractive {Kg > 1), the effective interaction 
parameter is K* > 1, and one obtains cusps, and not 
divergences. Importantly, in the non-interacting limit, 
K* — >■ 1, the exponent of the singularities vanishes, and 
the Bessel rule J2nez i^) = ^ leads Gt„„ to be in- 
dependent of the spin-gate parameters Vg^ and w. This 
can be understood considering the electrons incoming to- 
wards the tunneling point. A time-dependent spin gate 
voltage locally changes the distributions of the incom- 
ing electrons into strongly non-equilibrium distributions 
.fs/D{E) ^ JU'^^fiE T eV/2 - nhu), where all 

the harmonics hio related to the gate ac frequency appear 
[see inset in Figj2] . For a non interacting system the tun- 
neling current is given by 7^2 ~ JR [fs{E) — fD{E)]dE, 
where i? cx 7^ is the energy independent 'reflection coeffi- 
cient' induced by the tunneling term. Thus, although fs 
and fo are affected by the ac gate voltage, the integral is 
not. In contrast, when electron-electron interaction is in- 
cluded, R acquires an effective energy dependence, with 
a singular behavior at the Fermi energy [S]. The cusps 
thus emerge whenever the energy difference between the 
incoming states vanishes, providing a hallmark of elec- 
tron interaction in QSHE edge states. 

We observe that previous works concerning time- 
dependent impurities [TOHTSj have discussed the effect of 
a time-dependent magnitude of the BS term, in systems 
where FS cannot affect dc transport. In contrast, here 
we have shown that in QSHE edge states an ac FS term 
induces a time-dependence in the phase of the 'BS', even 
when the magnitude BS term is time-independent. This 
difference implies important conceptual consequences. 
First, even for a monocromatic ac gate voltage, all har- 
monics nuj appear in the tunneling current, thus broaden- 
ing to a lower frequency range the possibility to observe 
resonances with the dc voltage (co — losd /n) . Second, it 
provides an additional parameter, V^^, to modify Gtun 
in a non-monotonous way. 

In conclusion, we have shown that two gate voltages 
applied at a QPC of a QSHE system lead to two types 
of FS processes: The first one corresponds to the usual 
charge gate coupling and has no effect on dc transport, 
just like the FS term of a single impurity in a quan- 
tum wire. The second one, stemming from the helical 
nature of the QSHE edge states, consists of a spin gate 
coupling, and does affect dc transport. Indeed an ac spin 
gate leads to the cusp pattern in the dc tunneling conduc- 
tance Eq.Q, shown in Fig[2] We have also demonstrated 
that such pattern is a signature of electron-electron inter- 



action, for it disappears in the non-interacting case. The 
obtained tunneling current is reminiscent of the photon- 
assisted tunneling. In QSHE, however, it is the spin 
degree of freedom of the tunneling electron to be con- 
trolled by the ac gate voltages. This feature, combined 
with the attractive interaction of the spin sector, repre- 
sents a unique unconventional effect that is not present 
in other ID systems. For typical values Ig ~ lOOnm, 
V ^ 5 ■ lO^m/s, and for uj ^ IGHz, Vg ^ ~ meV the cusps 
are located at bias voltages eV ^ n fxeV (n G Z), and the 
observation of the effect is within reach of experiments. 
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